We generalize the usual octet, decuplet and exotic antidecuplet and higher baryon multiplets to any number of colours N c . We show that the multiplets fall into a sequence of bands with O(1/N c ) splittings inside the band and O(1) splittings between the bands characterized by "exoticness", that is the number of extra quark-antiquark pairs needed to compose the multiplet. Unless exoticness becomes very large, all multiplets can be reliably described at large N c as collective rotational excitations of a chiral soliton.
Introduction
The successful theoretical prediction of a relatively light and narrow exotic baryon Θ + [1] and its subsequent experimental discovery [2, 3, 4, 5, 6] have stimulated much interest in the dynamics of baryons that cannot possibly be made of three quarks. Although originally Θ + has been predicted from a chiral soliton view on baryons, recently there have been attempts to understand it in a more conventional quark language [7, 8, 9, 10, 11, 12] . This note is aimed to partially bridge the gap between the two approaches.
In the quark language, one views Θ + first and foremost as a bound-state pentaquark uudds, usually non-relativistic. However, the basic question what are the forces responsible for binding a pentaquark, is not settled. In the soliton approach, the chiral forces play the key role. However, one needs large number of colours N c to justify the semiclassical approximation to baryons, and the quark structure of the object is not a priori clear, although one puts N c = 3 at the end. Several questions arise here:
• What are the large-N c prototypes of the usual (octet and decuplet) and exotic (antidecuplet and higher) baryon multiplets that arise from collective quantization of chiral solitons
• What is the N c scaling of various quantities involved, in particular of the splitting between normal and exotic multiplets
• Is Θ + and other members of the antidecuplet rotational excitations of a nucleon and can their properties be reliably predicted from the soliton picture
• What is the quark structure of Θ + and why it is so narrow Below we answer the first three questions and leave the last to another publication. 
Generalization of baryon multiplets to arbitrary N c
The lightest SU(3) (flavour) multiplets of baryons -the octet with spin one half 8, 1 2 , the decuplet with spin three halves 10, 3 2 , the antidecuplet with spin one half 10, 1 2 , etc. -have their prototypes at any odd number of colours N c . At large N c they become high-dimensional representations of the SU(3) group. In order to understand the scaling of baryon properties with N c one has to point out explicitly the series of those prototype SU(3) multiplets, as one varies N c from three to infinity. In this section we generalize the previous study of this subject by Dulinski and Praszalowicz [13] and Cohen [14] , which will enable us to get a new insight into the relation between soliton and quark approaches.
A generic SU(3) multiplet (or irreducible representation) is uniquely determined by two nonnegative integers (p, q) having the meaning of upper (lower) components of the irreducible SU(3) tensor T {f 1 ...fp} {g 1 ...gq} symmetrized both in upper and lower indices and with a contraction with any δ gn fm being zero. Schematically, q is the number of boxes in the lower line of the Young tableau depicting an SU(3) representation and p is the number of extra boxes in its upper line. The dimension of a representation (or the number of particles in the multiplet) is
and the eigenvalue of the quadratic Casimir operator is given by
The highest weight of a (p, q) representation (i.e. the state that generates all other states in the multiplet by applying 'eigenvalue-lowering' operators) is given by
where T 3 is the third projection of the isospin and Y is the hypercharge. On the weight (T 3 , Y ) diagram, a generic SU(3) representation is depicted by a hexagon, whose upper (horizontal) side contains p + 1 'dots' or particles, the adjacent sides containq + 1 particles, with alternating p + 1 and q + 1 particles in the rest sides, the corners included -see Fig. 1 . If either p or q is zero, the hexagon reduces to a triangle. Particles on the upper (horizontal) side of the hexagon have hypercharge
being the maximal possible hypercharge of a multiplet with given (p, q).
The quantization of the chiral soliton rotation in flavour and ordinary spaces [15, 16, 17, 18, 19] leads to the following rotational energy of a baryon with spin J in representation (p, q):
where I 1,2 are the two soliton moments of inertia, depending on the concrete dynamical realization of the soliton. Only those multiplets are realized as rotational excitations that have members with hypercharge Y = Nc 3 ; if the number of particles with this hypercharge is n the spin J of the multiplet is such that 2J + 1 = n. It is easily seen that the number of particles with a given Y is 4 3 p + 2 3 q + 1 −Y and hence the spin of the allowed multiplet is
A common mass M 0 must be added to eq. (5) to get the mass of a particular multiplet. Throughout this paper we are disregarding the splittings inside multiplets as due to non-zero current strange quark mass. The condition that a horizontal line Y = Nc 3 must be inside the weight diagram for the allowed multiplet leads to the requirement
showing that at large N c multiplets must have a high dimension.
We introduce a non-negative number which we name "exoticness" E of a multiplet defined as
Combining eqs. (6, 8) we express (p, q) through (J, E),
We see that the total number of boxes in Young tableau, i.e. the minimal number of quarks from which a given representation can be composed, is
It explains the name "exoticness": E gives the number of additional quark-antiquark pairs one needs to add on top of the usual N c quarks of a baryon. Putting (p, q) from eq. (9) into eq. (5) we obtain the rotational energy of a soliton as function of the spin and exoticness of the multiplet: We see that for given J ≤ Nc 2 + 1 the multiplet mass is a monotonically growing function of E: the minimal-mass multiplet has E = 0. Masses of multiplets with increasing exoticness are:
At this point it should be recalled that both moments of inertia I 1,2 = O(N c ), as is M 0 . We see from eqs.(12)-(15) that multiplets fall into a sequence (labelled by exoticness) of rotational bands with small O(1/N c ) splittings inside the bands; the separation between bands with different E is O(1). The corresponding masses are schematically shown in Fig. 2 . The lowest band is non-exotic (E = 0); the multiplets are determined by (p, q) = 2J, Nc 2 − J , and their dimension is Dim = (2J + 1)(N c + 2 − J)(N c + 4 + 2J)/8 which in the particular (but interesting) case of N c = 3 becomes 8 for spin one half and 10 for spin 3/2. These are the correct lowest multiplets in real world, and the above multiplets are their generalization to arbitrary values of N c . To make baryons fermions one needs to consider only odd N c .
Recalling that u, d, s quarks' hypercharge is 1/3, 1/3 and -2/3, respectively, one observes that all baryons of the non-exotic E = 0 band can be made of N c quarks. The upper side of their weight diagrams (see Fig. 3 ) is composed of u, d quarks only; in the lower lines one consequently replaces u, d quarks by the s one. This is how the real-world 8, 1 2 and 10, 3 2 multiplets are arranged, and this property is preserved in their higher-N c generalizations. The construction coincides with that of ref. [13] . At high N c there are further multiplets with spin 5/2 and so on. The maximal possible spin at given N c is J max = Nc 2 : if one attempts higher spin q becomes negative. The rotational bands for E = 1 multiplets are shown in Fig. 4 . The upper side of the weight diagram is exactly one unit higher than the line Y = Nc 3 which is non-exotic, in the sense that its quantum numbers can be, in principle, achieved from exactly N c quarks. However, particles corresponding to the upper side of the weight diagram cannot be composed of N c quarks but require at least one additionals quark and hence one additional quark-antiquark pair on top of N c quarks.
The multiplet shown in Fig. 4 , left, has only one particle with Y = Nc 3 + 1. It is an isosinglet with spin J = 1 2 , and in the quark language is built of (N c − 1)/2 ud pairs and ones quark. It is the generalization of the Θ + baryon to arbitrary odd N c . As seen from eqs.(9,1), the multiplet to which the "Θ + " belongs is characterized by (p, q) = (0, (N c + 3)/2), its dimension is (N c + 5)(N c + 7)/8 becoming the 10, 1 2 at N c = 3. Its splitting with the N c generalization of the non-exotic 8, 1 2 multiplet follows from eq. (13):
coinciding with the recent finding of ref. [14] .
Here and in what follows we denote baryon multiplets by their dimension at N c = 3 although at N c > 3 their dimension is higher, as given by eq. (1). The second rotational state of the E = 1 sequence has J = 3 2 ; it has (p, q) = (2, (N c + 1)/2) and dimension 3(N c + 3)(N c + 9)/8 reducing to the mutliplet 27, 3 2 at N c = 3, see Fig. 4 , right. In fact there are two physically distinct multiplets there. Indeed, the weights in the middle of the second line from top on the weight diagram (with Y = Nc 3 ) are twice degenerate, corresponding to spin 3/2 and 1/2. Therefore, there is another 3(N c + 3)(N c + 9)/8-plet with unit exoticness, but with spin 
The 
The maximal spin of the E = 2 rotational band is J max = (N c + 8)/2. The upper side in the weight diagram ( Fig. 5) for the E = 2 sequence has hypercharge Y max = Nc 3 + 2. Therefore, one needs twos quarks to get that hypercharge and hence the multiplets can be minimally constructed of N c quarks plus two additional quark-antiquark pairs. This explains the name "exoticness" E: it gives the number of additional quark-antiquark pairs needed to construct a multiplet, on top of the usual N c quarks. It is also seen from eq. (10) which counts the number of boxes in the Young tableau.
Why collective quantization is valid for exotic multiplets
It is seen from eqs. 
Naively one may think that this quantity should be approximately twice the constituent quark mass. Actually, it can be much less than that. For example, in the Chiral Quark Soliton Model [20, 21] an inspection of I 2 given there shows that eq. (21) is stricktly less than 2M; in fact it tends to zero in the non-relativistic limit of the model. In physical terms, the energy cost of adding a pair can be small if the pair is added in the form of a Goldstone boson. Nevertheless, eq. (21) is interesting as it says that, parametrically speaking, the rotational energy corresponding to exotic baryons is of the same order as the expected vibrational or radial excitation energies. Therefore one can suspect that rotational excitations might mix up with those other ones, and no reliable predictions for exotic baryons, based on the collective quantization of baryon rotation, can be made [14] . This viewpoint is incorrect: not only the rotational states with energies O(1/N c ) but also those with energies O(1) are not affected by the excitations of another origin in the same energy range. [To purify the argument we imply here an idealized case of N c → ∞ and neglect possible mixings owing to non-zero m s .]
We remind the reader that at large N c the ground-state mass of a baryon is M 0 = O(N c ) and we are discussing either O(1/N c ) or O(1) excitation corrections to it. The energies of rotational excitations (12)-(15) are determined by the moments of inertia I 1,2 and could change in principle, if an excitation of non-rotational origin modifies those moments of inertia. However, as we shall see in a second, the change of the baryon size owing to the radial excitation is (δx) 2 = O(1/N c ) and hence the change in the moments of inertia is parametrically small in N c . The presence of radial excitations change the rotational energies by a negligible quantity O(1/N c ) even if the rotational energy is O(1) (it is even smaller if the rotational energy is less). To substantiate these N c counting rules we consider two examples: a "non-relativistic quark model" and a chiral soliton; both give identical N c scaling laws.
"Non-relativistic quark model" For simplicity, let us consider two "quarks" bound by an oscillator potential. It will be clear from the derivation that one can generalize the argument to any number of particles and to any binding force. We shall consider the flat-motion case, which is also unessential. The hamiltonian of the diatomic molecule is
where µ is the reduced mass and L is the average separation between "quarks". The 2-dim rotation is characterized by the 'magnetic' quantum number m. Introducing the shift from the equilibrium position, x = |r| − L, we rewrite the hamiltonian as
If one neglects the fluctuations x as compared to the average distance L, the rotation and vibration variables are completely separated and one obtains
To make this system "like" a large-N c baryon we need to say that the size L and vibrational energy are stable in N c whereas the moment of inertia I = O(N c ). It leads to µ = O(N c ), k = O(N c ) and hence to < x 2 >= O(1/N c ) as claimed above.
The interaction between rotations and vibrations comes through the centrifugal term in eq. (23). We expand 1/(L + x) 2 to the linear order in x/L but have to estimate it in the second order of the perturbation theory as < x >= 0 when one expands about the minimum of the potential. The rotation-vibration interaction energy is thus
This can be also formulated in terms of the change of the moment of inertia:
At small angular momenta m ∼ 1, E rot−vibr is a tiny correction O(1/N 3 c ). Even when the rotational energy is O(1) so that m = O( √ N c ), the rotation-vibration mixing is still a small O(1/N c ) correction.
General chiral soliton arguments
At large N c baryons are chiral solitons [22] corresponding to a local minimum of some effective chiral action S eff [π(x)]. Its specific form is irrelevant to the argument: the important thing is that it is proportional to N c . Its local minimum π class (x) gives the soliton profile, and the moments of inertia I 1,2 are computed at this minimum. Hence M 0 , I 1,2 are all proportional to N c .
The spectrum of vibrational oscillations is defined by the quadratic form for quantum fluctuations δπ(x). In a specific (Skyrme) model this spectrum has been studied in refs. [23, 24] . The spectrum is naturally N c -independent. However it does not mean that all N c -independent excitations are contained in the quadratic form. The rotational states of the soliton are not present there and have to be recovered separately. All rotational states, independently of their energy, appear as poles in meson-baryon scattering from Born graphs which are missing in the quadratic form [25] . In particular, Θ + will not be found in the small-oscillation spectrum, contrary to the statement of ref. [14] ). What is important for this discussion, is that the oscillations themselves scale as δπ(x) = O(1/ √ N c ) because of the overall factor of N c in the action. The change in the moments of inertia owing to oscillations is δI ∝ N c (δπ) 2 = O(1), as the linear order in δπ averages out. The change in rotational energies of non-exotic multiplets owing to vibrations is thus O(1/N 3 c ), and for the exotic ones it is O(1/N c ), i.e. still a small correction. The N c counting is exactly as in the above "quark-model" illustration.
The change in the baryon form owing to rotation cannot be neglected only when the angular momenta are J = O(N c ) leading to the rotational energy E rot = O(N c ) comparable to the static baryon mass M 0 . At this point everything goes wrong [26, 27] : the widths become comparable to the masses owing to strong pion radiation and the centrifugal forces deform the baryon such that the rotational energy has to be computed anew.
Summary
We have constructed the generalization of 8, 1 2 , 10, 3 2 , 10, 1 2 , 27, 3 2 , 27, 1 2 ... multiplets to the case of arbitrary N c . These multiplets are classified by "exoticness" -the number of extra quarkantiquark pairs needed to compose the multiplet. The splittings between masses of the multiplet with the same exoticness are O(1/N c ) i.e. parametrically small at large N c . The splittings between multiplets with growing exoticness is O(1). Despite that it becomes comparable to vibrational or radial excitations of baryons, both non-exotic and exotic bands are, at large N c , reliably described as rotational excitations of the ground-state baryons. This conclusion is opposite to the recent claim of ref. [14] . The collective quantization description fails only when the exoticness becomes comparable to N c .
The newly discovered Θ + baryon belongs to the exoticness=1 multiplet 10, 1 2 . The larger N c the more accurate would be its description as a rotational state of a chiral soliton.
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